Recently, one of the authors' discussed an elementary problem which could be solved both exactly and by the Hartree-Fock approximation, thus allowing a critical discussion of this approximation. It was then pointed out by the other author that a similar example would allow a critical analysis of the Born-Oppenheimer approximation,2 and the purpose of this note is to discuss this problem in detail.
Recently, one of the authors' discussed an elementary problem which could be solved both exactly and by the Hartree-Fock approximation, thus allowing a critical discussion of this approximation. It was then pointed out by the other author that a similar example would allow a critical analysis of the Born-Oppenheimer approximation,2 and the purpose of this note is to discuss this problem in detail.
The example to be analyzed is that of two massive particles 1 and 2 interacting through harmonic oscillator potentials both between themselves and with a light particle 3. The Hamiltonian of the problem can be written as
where the two massive particles are of equal mass M = 1, and the frequency X of their interaction is taken as 1. The light particle has mass m << 1, and the strength of its interactions with the massive particles is given by K. The example could be considered as a rough model of the hydrogen molecular ion H2+.
To solve the problem exactly, we first introduce the Jacobi and center-of-mass coordinates fr= .. 
Expression (8) -is the one we must add to the Hamiltonian 1/2(p12 + r of the relative motion of the two heavy particles to get the Hamiltonian of the BornOppenheimer approximation, i.e.,
The ground state of H' is the one of zero quanta with frequency \/1 + K, so the full wave function in the Born-Oppenheimer approximation is 'PBO = r-/4( + K)'18 exp -2 -\1 + K 912] 7r-14 (2) (2Km)'/' exp[-3 /2Km 9221 (10) VOL. 60, 1968 l111 Note that the term il r2 of (10), when compared with (7), has an extra normalization factor (3/2)3/4-This is due to the fact that in (10) we employ the coordinates (2a), so that we must take into account the Jacobian that relates the volume element in these coordinates to the volume element in the Born-Oppenheimer coordinates. The corresponding energy is given by
We first compare EBO and E for m << 1, i.e.,
If K is of the order of 1, which implies that the strength of the interaction between light and heavy particles is of the same order as between the heavy particles, then V/2K/m >> a/1 + K and so we have that
For m = 1/2000, which is approximately the relation between the electron and proton masses, the ratio is then 1.25 X 10-4. For the proton in a hydrogen bond between two nitrogen or oxygen atoms, m -'/1 and the fractional energy correction is approximately 0.02.
To compare the wave functions, we consider the overlap (OB,0/) 2, which from (10) and (4) The present analysis suggests that the Born-Oppenheimer approximation is a very good one both for the energy and the wave function, even for the proton in a hydrogen bond.
Summary.-The problem of two particles of equal heavy mass interacting between themselves and with a light particle through harmonic oscillator potentials is solved both exactly and within the framework of the Born-Oppenheimer approximation. We show that the ratio between the energies of the approximate and exact solutions differs from unity by terms of the order of the ratio of the masses, while the overlap of the corresponding wave functions differs from unity by a term of the order of the square of the ratio of the masses. Examples are considered where the light particle is an electron or, as in a hydrogen bond, a proton.
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